We construct the supersymmetric completion of quartic R+R 4 -actions in the ten-dimensional effective action of the heterotic string. Two invariants, of which the bosonic parts are known from one-loop string amplitude calculations, are obtained. One of these invariants can be generalized to an R+F 2
1 N = 1 supergravity in d = 10 and the R 2 -action.
The basic multiplet of N = 1 supergravity in ten spacetime dimensions consists of the tenbein field e µ a , the dilaton field φ, an antisymmetric tensor gauge field B µν and the Majorana-Weyl fermions ψ µ (gravitino) and λ (dilatino) [2] . This multiplet transforms under local supersymmetry as follows 1 :
The derivatives D µ are Lorentz covariant, supercovariant derivatives are denoted by D µ . In the variation of the gravitino field we encounter a torsionful spin connection defined by:
Here, ω µ ab (e, ψ) is the usual spin connection with ψ-torsion, i.e., the solution of D [µ (ω)e ν] a = 0. The additional torsion is determined by the supercovariant field strength of the B-field,Ĥ µ ab , given by:
which is invariant under gauge transformations
Under local supersymmetry, ω µ ab andĤ transform as δω µ ab (e, ψ) =
Here, ψ ab denotes the gravitino curvature
The transformations (9) and (10) can be combined to yield:
The gravitino curvature ψ ab itself has the following variation:
where R µν ab (Ω − ) denotes the Riemann curvature tensor with spin connection Ω − .
The ten-dimensional action which is invariant under the transformations (1-5) is given by:
The equations of motion which follow from (14) will play an important role in this paper. These equations, for the fields φ, e µ a ,λ,ψ µ and B µν , respectively, read: 
In this paper we frequently use identities which are implied by the fermionic equations of motion and the Bianchi identity
for the gravitino curvature. First of all, we use (18) to solve for the single Γ-contraction of the gravitino curvature
From (21) we obtain by contracting with a further Γ-matrix:
Combining (18) and (20) one derives two additional identities involving the derivative of the gravitino field equation:
while (17) and (22) give:
In the identities (20-25) we have not written contributions of H and φ −1 ∂φ. In the next section we will discuss why these are neglected in our calculations.
In d = 10, N = 1 supergravity the only matter multiplet is the YangMills multiplet, which consists of the gauge field A µ , and a Majorana-Weyl spinor χ, both in the adjoint representation of an arbitrary gauge group. The transformation rules are
The coupling of the Yang-Mills multiplet (A µ , χ) to ten-dimensional supergravity [2, 3] leads to a supersymmetric action of the form L R + L F 2 . This requires the inclusion of the Yang-Mills Chern-Simons term in the field strength (7) of the B-field [3] , and a corresponding modification of the B transformation rule. The cancellation of anomalies requires a further modification of H by the corresponding Lorentz Chern-Simons term [4] . However, this mechanism breaks the local supersymmetry. The fact that the transformation rules (12) and (13) of Ω µ ab − and the gravitino curvature ψ ab have the same structure as those of the Yang-Mills multiplet (A µ , χ) (26) , (27) simplifies the restoration of supersymmetry [24] . By replacing in the action R + β tr F 2 , and in the corresponding transformation rules A µ by Ω µ ab − , χ by ψ ab , F µν (A) by the corresponding curvature R µν ab (Ω − ), and the coupling β by an a priori independent coupling α, the tr F 2 Yang-Mills action can be immediately extended to a supersymmetric action of the form R + β tr F 2 + αR 2 . This requires a modification, proportional to α, of the supersymmetry transformation rule of the B-field. Since (Ω µ ab − , ψ ab ) depend on B (see relations (6) and (11)), the transformation rules of Ω µ ab − and ψ ab obtain order α terms, besides the order β terms already present due to the Yang-Mills coupling. This breaks the invariance of the R + β tr F 2 + αR 2 -action by terms which are of order α 2 and αβ. The best one can hope for in this explicit supersymmetrization of the Lorentz Chern-Simons term is an iterative invariance in the couplings α and β.
The iterative procedure outlined above was worked out for the cubic α 2 R 3 , αβR tr F 2 , and for the quartic α 3 R 4 , α 2 βR 2 tr F 2 , αβ 2 ( tr F 2 ) 2 contributions to the supersymmetric effective action. Bosonic cubic terms in the supersymmetric action are not required. Contributions from the variation of the quadratic and cubic action play a crucial role in the cancellations which lead to the final form of the quartic action [25] . Thus the quartic action obtained in [25] is directly linked to the inclusion of the Lorentz Chern-Simons form, and a priori unrelated to the quartic actions which we will construct in this paper, which do not include quadratic or cubic contributions.
Introduction
In recent years much work has been devoted to the study of the low-energy effective action of string theory. In the limit of low energy, string theory can be approximated by ordinary field theory, in which string effects should appear as higher derivative interaction terms. This effective action provides a useful tool to investigate the impact of string theory on particle physics.
In this context, the heterotic string [1] is of particular interest. Its zero slope limit (the limit in which the inverse string tension, α ′ , goes to zero) is given by ten-dimensional supergravity coupled to Yang-Mills [2, 3] . Corrections to this zero slope limit, proportional to α ′ , are required in d = 10, N = 1 supergravity to achieve the cancellation of anomalies [4] . These corrections involve the introduction of the Lorentz Chern-Simons term, on the same footing as the Yang-Mills Chern-Simons term required by supersymmetry in the Einstein-Yang-Mills supergravity theory [3] .
One method of investigating the implications of string theory for particle physics involves the compactification of the effective field theory from ten to four dimensions [5] . The inclusion of the Lorentz Chern-Simons term makes it possible to obtain in this way phenomenologically interesting models in four dimensions [6] . Supersymmetry in four dimensions, a remnant of the space-time supersymmetry of the heterotic string, is a common feature of most of these models.
Much is known about the bosonic contributions to the ten-dimensional string effective action, L eff . In this paper we investigate the supersymmetric completion of L eff . We may characterize the different contributions to L eff by the power of the Riemann tensor in the R n -terms which they contain:
The main issue in this paper is the supersymmetrization of the R 4 -terms in L eff . Partial results about this work were presented in [7] .
Before discussing our results it is useful to present schematically what is known about the bosonic part of L eff . We use the results obtained by string amplitude methods. Here one calculates string S-matrix elements for scattering of massless particles, and then reconstructs a field theoretical action which reproduces these amplitudes. There are contributions from the tree-level (classical) string theory, from one-loop string effects, etc. This action is expressed in terms of the physical fields of d = 10, N = 1 supergravity. The bosonic fields are the ten-bein field e µ a , an antisymmetric tensor gauge field B µν (with field strength H µνλ ), the dilaton field φ, and the Yang-Mills gauge field A µ (the fermions are introduced in Section 2, where we present some basic properties of ten-dimensional supergravity). The presence of the dilaton in this action is limited by global scale invariance [8] . Our fields (except the dilaton) are scale-invariant, while φ transforms as φ → φξ, ξ being the parameter of scale transformations. Scale invariance implies that φ occurs only in the combination φ −1 ∂φ, or as an overall multiplicative factor in the Lagrangian. From the tree-level string calculation [9, 10, 11, 12, 13] one obtains L R :
where κ is the ten-dimensional gravitational coupling constant, of dimension [mass] −4 . Also from the string tree-level one obtains a quadratic action 2 :
and a quartic action
where X is the term [14, 11] :
The tensor t is discussed in Section 3. The transcendental coefficient ζ(3) makes it impossible to relate the two contributions in L R 4 by supersymmetry. At the one-loop level [15, 16, 17] L eff obtains corrections to the quartic action:
Note the absence of the factor φ −3 in the one-loop contributions. In fact, each string loop will give a factor φ 3 g 2 . This can be understood in terms of a background field sigma-model calculation from the coupling of the dilaton to the Euler character of the world sheet [18, 19, 20] .
Besides the above terms due to four-point scattering amplitudes there are also contributions from one-loop five-point amplitudes [21, 22] . These are of the form
while similar terms with F replaced by R also appear.
Other information about the quartic action comes from the counterterms in the d = 10 action which are required for anomaly cancellations [4] . We would expect these terms to be part of the string effective action. Indeed, terms of the form (34) are among the counterterms of [4] . It is then of interest to see, whether or not they are linked by supersymmetry to some of the terms already present in (31) and (33) .
Let us now discuss the supersymmetrization of the effective action. The action L R corresponds to the supersymmetric Einstein action of d = 10, N = 1 supergravity [2] . The inclusion of the term β tr F 2 leads to the supersymmetric action of [3] . The field strength H then has to be extended with the Yang-Mills Chern-Simons term. The introduction of the Lorentz Chern-Simons term requires, by supersymmetry, the presence of the R 2 -action. The supersymmetrization of the R 2 -action has been achieved by the Noether method [23, 24, 25] and by superspace methods 4 [27, 28] . In [25] an explicit supersymmetric action for the Lorentz Chern-Simons term, including terms quartic in R, was presented. In the absence of Yang-Mills couplings it is of the schematic form:
Each term has the same power of φ, and, consistent with string amplitude results, the n = 3 contribution is absent. Supersymmetry holds only iteratively in α, so that the supersymmetry transformation rules of a generic field V are
Here δ 0 V are the transformation rules corresponding to the action L R . This can easily be generalized to the case where Yang-Mills couplings are present. Again schematically, one should make everywhere the replacement αR 2 → αR 2 + β tr F 2 . On identifying the a priori independent coupling α with α ′ /κ 2 one then obtains exactly the terms in the tree-level string amplitude result (30, 31) , except for the ζ(3)X-term.
In this paper we address the problem of supersymmetrizing terms quartic in the Riemann tensor. These include the remaining tree-level term ζ(3)φ −3 X and the one-loop contributions (33) . Since the supersymmetrization of the R 2 -terms in L eff is complete, this supersymmetric R 4 -action should be of the form
with modifications to the supersymmetry transformation rules of [2, 3] proportional to γ. Here γ is an additional parameter, of dimension [mass] 2 , a priori independent of α and β. Relations between α, β and γ will be required if quartic contributions to L and the string effective action L eff are to be identified, or if the cancellation of anomalies is imposed. Supersymmetry by itself will not relate α, β and γ.
An obvious problem is already evident from the schematic form of the action given above. There are two contributions proportional to X, one with and one without the dilaton-dependent factor. One would expect that supersymmetry gives a unique value for the power of φ which appears in front of X. The same problem arises for the terms with αR 2 + β tr F 2 . In that case one should realize however that in the tree-level quartic action this term is determined largely by the presence of R 2 in (35), so that the tree-level and one-loop contributions to (αR 2 + β tr F 2 ) 2 do not appear on the same footing. A second indication that factors of φ are important can be seen from (34) . This term is invariant under gauge transformations of the B-field only if the factor φ −3 is absent. Therefore the presence of the parity-violating terms (34) requires the absence of the factor φ −3 . As we shall show in this paper the supersymmetrization of any action of the form (37) requires ǫBR 4 terms, and therefore the absence of φ −3 . Thus we achieve the supersymmetrization of the one-loop contributions (33), but not that of the ζ(3)-term in (30) .
Some results about the supersymmetrization of R 4 -actions have been obtained in superspace [29, 30, 31] . However, the supersymmetrization of X (32) in [29] and [30] depends on an off-shell formulation of d = 10, N = 1 supergravity, which has not yet been proven to exist. Also, it has not been worked out whether the proposed superspace invariant for X represents the tree level contribution (31) or the one-loop term in (33) . On the basis of our work we would have to conclude that this can only be the one-loop term. Since other R 4 -terms besides X appear in L eff , we prefer to search systematically for the most general supersymmetric invariant with the generic structure (37) .
In this paper we use the component field Noether method. One starts with an Ansatz for the supersymmetric action that one wants to construct. The Ansatz should contain all possible terms, each with an unknown coefficient. Invariance under supersymmetry is then used to determine these coefficients. This method has the disadvantage of being algebraically complex. The Ansatz contains many terms, so working out the variations involves a large amount of work. However, this tedious task can and has all been done by a computer program for algebraic manipulations. Then the explicit nature of this method turns into an advantage. The resulting invariant can be compared in detail with the results from string amplitude calculations. Also, the explicit form of the modified transformation rules is obtained. The transformation rules of the fermions play a crucial role in the study of compactification to four dimensions [5] .
The full calculation will be done for the gravitational sector only, i.e., without the Yang-Mills coupling. We shall see that our results can be generalized to the case were the Yang-Mills multiplet is present as well.
This paper is organized as follows. In Section 2 we present some basic material on d = 10, N = 1 supergravity. We also briefly discuss results about the supersymmetric R 2 -action. In Section 3 we construct the Ansatz (given explicitly in Appendix A) for the supersymmetric R 4 -action. Of course, for practical reasons we have to limit ourselves to certain sectors of the complete action (for instance, we never include four-fermion terms). These limitations are also discussed in Section 3. In Section 4 we give a schematic overview of the calculation, and consider in some detail a particular sub-calculation which leads us to conclude that terms such as (34) must be present in the final result. The full result, and its generalization to the Yang-mills case, is then presented in Section 5 and Appendix B. Section 6 compares our results with the string amplitude calculations and discusses the relation with other work.
R 4 -Invariants and the Ansatz
The supersymmetrization of R 4 -action starts with the construction of an Ansatz, which should contain all terms that might be linked to the R 4 -terms by supersymmetry.
In order to make the supersymmetrization feasible one has to put restrictions on the terms which are included in the Ansatz, and, correspondingly, on the contributions to its supersymmetry variation. In this section we will discuss the structure of our Ansatz and the restrictions we have imposed.
As we have already mentioned in Section 2, we will not consider terms in the action which are quartic in fermions. Hence, in the R 4 -action only purely bosonic terms and terms quadratic in fermions will appear. Correspondingly, in the supersymmetry transformations of the bosonic fields only terms linear in fermions, in the transformations of the fermionic fields only the bosonic contributions have to be considered:
In the R 4 -action we do not write terms which contain the equations of motion of the R-action (15) (16) (17) (18) (19) . Such contributions can always be eliminated by a suitable redefinition of the corresponding field. As was outlined in [11, 13] , the results obtained from scattering amplitude calculations are insensitive to such redefinitions of the fields. Thus, we do not have to include terms in the Ansatz containing a Ricci tensor or a curvature scalar. The same applies to terms containing a contracted derivative of the Riemann tensor, since
Similarly, fermionic terms containing the left-hand-side of (21) (22) (23) (24) (25) can be left out. The presence of the fields φ and B µν in d = 10 supergravity complicates our calculations considerably. The occurrence of B µν itself is of course restricted by the requirement of gauge invariance (see (8) ), but many contributions containing the field strength H are possible. One may attempt to restrict the contributions of H by requiring that H only occurs as torsion (6) , as seems to be indicated by string amplitude calculations. However, we prefer not to bias our calculations by introducing such input. Similarly, the appearance of φ can be restricted by requiring global scale invariance, but φ −1 ∂φ may appear anywhere. We compromise by including in the action only terms independent of or linear in H and φ −1 ∂φ. In the variation of the action we should then consider only those terms in which H and φ −1 ∂φ are absent. From (4) we see that this implies for instance that we never have to vary the field λ, and that consequently there is no need to include (λ)
2 -terms in the action. Furthermore, we can restrict the terms containing H and φ −1 ∂φ to be purely bosonic. In the Ansatz we use the spin connection with ψ-torsion, i.e., ω µ ab (e, ψ), as the argument of the Riemann tensor, and parametrize the terms linear in H separately. In the H-dependent terms in the Ansatz we use the supercovariant field strengthĤ, given in (7) .
Note that with the above restrictions, it is no longer guaranteed that our method will yield a useful result. It may well be, for instance, that the cancellation of variations containing H are required to fix the coefficients of the terms linear in H in the action uniquely. As the next sections will show, a large part of the supersymmetric action is determined, even though we do not consider the cancellation of all possible variations. More fundamentally, we must admit that our method does not strictly prove the existence of a supersymmetric invariant, since the procedure may still fail for variations which we do not consider. The results, and their relation with string amplitude calculations, give us confidence that our procedure could in principle be continued to the end without essential obstructions.
The purpose of our present work is the supersymmetrization of R 4 -actions, with in view the application to the effective action of heterotic string theory. As discussed in the Introduction, the bosonic part corresponding to tree level and one-loop contributions to string amplitudes are known. There, the following actions quartic in the Riemann tensor arise:
The tensor t has the following structure when acting on commuting, antisymmetric tensors 5 M i , i = 1, .., 4:
The action (39) was obtained from a calculation of the two-loop β-function in a supersymmetric nonlinear sigma-model [14] and independently in string amplitude calculations [11] . This action appears in the tree level string effective action with a characteristic coefficient ζ(3). 
the variation of Z is a total derivative for any variation of ω. If Z is reduced to eight dimensions it becomes a total derivative. This implies that it does not play a role in lightcone gauge string amplitude calculations. Therefore one has no a priori knowledge from string amplitude or sigma model calculations about its effects in a ten-dimensional supersymmetric invariant. The fact that in ten dimensions one should allow the inclusion of a Z-action was emphasized in [32, 33, 34] . In the supersymmetrization of R 4 -actions we look for invariants of the form
where R is the pure d = 10, N = 1 supergravity action (14) . Supersymmetry may hold iteratively in γ, so that the supergravity fields will need modifications of the supersymmetry transformation rules of O(γ) in order to achieve invariance of the action (45) to O(γ).
Our Ansatz in the search for the supersymmetric completion of R 4 -actions is written in the form:
The sum is over the different structures that may occur in the action. We consider 15 different sectors, which are presented in Appendix A, four involving purely bosonic terms (L 1 -L 4 ), four sectors involving the gravitino field ψ µ and its curvature ψ (2) (L 5 -L 8 ) and seven sectors containing the dilatino field λ (L 9 -L 15 ). We give a few comments on our Ansatz. We include an arbitrary power of the dilaton in front of the action (the Raction also has such a structure, with φ −3 ). Note that by supersymmetry the power of φ has to be independent of the index i labelling the different sectors, since the supersymmetry transformation rules (1-5) contain no explicit powers of φ.
The sector L 1 (83) contains all possible contractions of four Riemann tensors. Therefore, the actions (39-42) can be written as linear combinations of the terms given in (83). Using pair exchange and cyclic identities for the Riemann tensor, and neglecting terms containing the Ricci tensor or curvature scalar, one finds 7 :
Note that the actions X, Y 1 and Y 2 are related by
The sector L 1 is the only one for which the variation of φ in front of the action has to be evaluated. The L 3 -sector consists of the following two terms:
Both terms are clearly invariant under gauge transformations (8) of the B-field because of the Bianchi identity (44). Note that this gauge invariance requires the absence of the dilaton field in (49) and (50), i.e., y = 0 in (46). One-loop string amplitude calculations reveal that these K-terms must be part of the effective string action [21, 22] .
3 andψΓψR 2 DR respectively. As we noted above, in constructing these sectors we do not allow terms with any contractions of the form (21) (22) (23) (24) . Note that a partial integration and the use of the Bianchi identity (20) may relate terms of these sectors. Therefore, in order to find a minimal set of independent terms for the Ansatz only those terms are taken into account which are not related by any of these operations.
Similar arguments apply for the λ-sectors L 9 -L 15 . There we do not write terms which are related to the equation of motions Λ (17) or Ψ µ (18).
The Calculation
In this section we will discuss some of the technical aspects concerning the calculation we have outlined in the previous section.
In Table 1 we present a schematic form of the supersymmetry transformations relevant for our purposes. Their precise form is given in Section 2. Note that due to the restrictions we have imposed we may refrain from considering various other contributions such as δω =ǭ ψH. Table 1 . The schematic form of the supersymmetry transformation rules considered in this paper. The symbol ψ represents the gravitino, ψ (2) the gravitino curvature. Table 2 shows the generic structure of the variations of the action that emerge when applying the transformations (1) - (7) to the Ansatz. In calculating the variation of the Ansatz we always integrate away from the supersymmetry parameter ǫ by performing a partial integration. The variation is then simplified by working out products of Γ-matrices, etc., and brought to a standard form. The result then has to vanish, which determines the unknown coefficients.
In many cases however, contributions to a variation do not have to cancel against each other. If a variation is proportional to one of the equations of motion (15) (16) (17) (18) (19) it can be cancelled by changing the transformation rule of the corresponding field with a contribution of O(γ). Consider for example a variation which is of the form
where O µ is a field dependent object which may contain Γ-matrices. Since Ψ µ is the gravitino equation of motion of the action L R , a variation δ γψµ of the gravitino in L R with parameter −γǭ O µ will give (23)- (24) (I), (J), δψ, δλ This new transformation rule of the gravitino cancels (51) in the variation of L R + L tot . The new transformation applied to L tot gives a contribution proportional to γ 2 , which we need not consider in this stage of our procedure. If a variation of L tot can be rewritten using an identity such as (20) then its contribution is shifted to another part of the calculation. Besides (20) one also has the useful relations
In some cases, using identities such as (21-24), a contribution can be rewritten in terms of equations of motion and additional terms which contribute to other variations. This mechanism is indicated in the third and fourth columns of Table  2 . In the fourth column we have not indicated explicitly cancellation through modifications to the transformation rule of the tenbein. Ricci tensors occur, either directly or through (38) , in all the variations (A)-(J). The basic tactic is then to shift as much as possible of a particular variation to equations of motion and/or the variations (I) and (J) of Table 2 , by using the identities mentioned in the third column of the table. Everything which cannot be shifted, which is true in particular for all contributions to the variations (I) and (J), has to cancel and is used to fix coefficients. Table 3 indicates how the different sectors of the Ansatz contribute, through the supersymmetry transformations of Table 1 , to the variations of Table 2 .
As an example consider variations of type (B), i.e.ǭ Dψ (2) R 3 . From Table 3 we see that these variations are generated by the sectors L 6 and L 7 . From L 6 , theψ (2) ΓDψ (2) R 2 -terms, we obtain (B) by varying the first gravitino curvature, which is the transformation numbered 4 in Table 1 . From L 7 , the Noether terms ψΓψ 2 R 3 , we find this variation by varying the gravitino, and taking, after the partial integration away from ǫ, the contribution containing Dψ (2) . This is transformation 1. On simplifying these variations we isolate those contributions which can be written as a Bianchi identity (20) , or which take on the form (23) (24) . This gives variations of type (I) and (J) ((J) only in the case (23) is used) and equations of motion. Note that in the variations (B) we will not encounter the left-hand-side of (21) (22) . Such contractions between ψ (2) and Γ-matrices are absent in the Ansatz, as explained in section 3. Contributions containing (21) (22) would therefore have to come from the variation of the L 6 terms, but it is easy to see that the products of Γ-matrices in these variations do not involve the indices of the gravitino curvature.
Of course also the bosonic equations of motion, and the Bianchi identity (44) are used in the same way. However, the use of these does not generate a remainder.
An important role in the calculation is played by the two K-terms (86). If they are part of the action, the power of the dilaton in front of the action (46) will have to vanish. We find that indeed the presence of the K-terms is unavoidable. Interestingly, this result can be seen relatively easily, since only a few terms in the Ansatz interact with the K-terms. As an example, which also illustrates explicitly our procedure 8 , we will work out the contribution of the K 1 -term.
In the variation of K 1 we only have to consider the transformation of the field B, (3). The ǫ-tensor and the Γ-matrix are combined to give:
The only term in the Ansatz which gives rise to a similar variation is M 106 in (90). In M 106 we have to vary the gravitino and the gravitino curvature. After a partial integration, and upon using the Bianchi-identity (44) we find
In the first term we extract Γ t from the Γ-matrix, using
Thus we obtain
and other terms, which will never contribute to a variation with a nine-index Γ-matrix. Now we use (23) to obtain terms proportional to equations of motion, as well as
We now work out all the products of Γ-matrices in the second term in (56) and (57), and finally obtain the following contribution with a Γ (9) :
The contributions (55) and (58) must cancel, since none of the other terms in the Ansatz produces such a variation. Therefore
To find out whether or not a term of type K 1 is present we therefore have to know the value of m 106 . This coefficient is determined by considering the following two variations:
To (60) we get contributions from M 106 , on working out the product of Γ-matrices in (56) and (57). We also get contributions from M 30 . By a calculation similar to the one outlined above for M 106 , using the equation of motion (23), we get two equal contributions from M 30 . We then find m 30 = 2m 106 . Finally we calculate the contributions to the variation (61). These come from the previous calculation of the variation of M 30 , and also from the tenbein variation in A 1 .
The result is that m 30 = 1 2 a 1 . Thus we conclude that this calculation determines k 1 :
The presence of the K 1 -term is therefore linked by supersymmetry to the presence of A 1 . The possibility of having a 1 = 0 will be discussed in the next section. None of the other terms in the Ansatz contributes to (60) or (61). The feature which singles out these variations is the contraction between the index of the gravitino and the Γ-matrix. Such a contraction can only arise from the variation of the tenbein in the A-terms (83), or from terms in L 7 (90), which already have such a contraction. A glance at such terms in the Ansatz shows that indeed only M 106 and M 30 have the appropriate structure. The K 1 -term is only invariant under the gauge transformations of the Bfield, if the factor dependent on the dilaton in (46) is absent. We expect then, given the presence of the K-term, that supersymmetry will fix y = 0. To see this we will consider variations of type (J),ǭ λR 4 . There are three variations which play a determining role in fixing the value of y. These are
To these variations we will get contributions from M 106 and M 30 . These arise from the use of (23) in (56) and in the related variation of M 30 . Then there are contributions from (92), in particular from P 1 and P 21 , obtained from the variation of the gravitino curvature ψ (2) . Finally, there is of course a contribution to (63) from the variation of φ y in front of the A 1 -term. The resulting equations for the coefficients read
These three equations fix p 1 and p 21 , and set y = 0 (unless a 1 = 0, in which case y remains arbitrary at this stage). The above calculation shows that any solution with a 1 = 0 will require the presence of K 1 , and therefore the absence of an overall dilaton-dependent factor in front of the action.
The result of the above calculation should be compared with the results presented in [25] . There the same terms that we consider above appeared in the Ansatz for the quartic action, and a similar calculation was done. The major difference is, however, that in [25] an R 2 -action, related to the supersymmetrization of the Lorentz Chern-Simons terms, is present as well. Then the cancellation of the variation of the quartic action also involves contributions which arise iteratively from the quadratic and cubic action. One may check, that these contributions (which can be found in [25] ) have the effect of setting k 1 = 0 and y = −3.
The above calculation is a small part of the complete calculation which determines all coefficients in the Ansatz. But the general procedure should now be clear. The contributions to the variations are brought to a standard form, in such a way that the remaining structures are all independent. Of course one uses the identities mentioned in Table 2 to express the variation in terms of independent structures. For each independent structure in the variation of the action one finds an equation between the coefficients in the Ansatz. In solving the equations, free parameters may remain. Certainly one free parameter is associated with the normalisation of the action. Free parameters may also indicate that the Ansatz is overcomplete in the sense that a subset of the contributions to the Ansatz may be dependent. This occurs, for instance, for the seven terms in (84), of which only four are independent because of the identities (85). Other free parameters indicate the presence of more than one solution to the problem of supersymmetrization. These aspects of our result will be discussed in the following section. Table 3 shows that the calculation splits in a natural way in two almost independent parts. The variations (A-D) and (I) (the ψ-sector) are independent of the dilatino λ, the variations (E-H) and (J) (the λ sector) do depend on λ. All these λ-dependent variations come from λ-dependent terms in the Ansatz, except those due to the variation of the dilaton (see Table 1 ). The transformation 7 in Table 2 is only applied to a single sector of the Ansatz, (87), which does not contribute to the ψ-sector. Therefore it seems that, except for the variation of the dilaton factor in front of the total action, there is no contact between the ψ-sector and the λ-sector. However, the use of (21-24) provides contributions which move from the ψ-sector to the λ-sector. Therefore it is essential to first work out the variations in the ψ-sector.
As we shall see, the equations resulting from the ψ-sector are very restrictive, and result in two independent solutions. The equations in the λ-sector are much less restrictive. As we discussed above, the cancellation of the (B)-variations involves only the identities (23) (24) . Using these, the (B)-variation produces ǫ λR 4 , (J)-terms. We expect the identities (21) and (22) to play a role in the variation (A). Since (21) contains a Dλ-contribution, the use of (21) in the cancellation of (A) provides a link between the ψ-sector and a variation containing Dλ. In Table 3 we see that there are several contributions to (A). Since no contractions between a Γ-matrix and the gravitino curvature are present in the Ansatz, only the variation of L 8 , theψψR 2 DR-terms, can produce such a contraction. Therefore, all contributions containing Dλ arising from the ψ-sector are proportional to the parameters in L 8 . However, the equations arising from the ψ-sector require, that all these parameters vanish! We conclude that the only link between the ψ-and λ-sector is through (B) and (J), and through the variation of φ y in front of the action, which also gives (J). Therefore we may choose a minimal option in the λ-sector, which is to include only those λ-dependent terms in the action which contribute to (J). As we see in Table 3 , this is the sector L 9 , theψψ (2) R 3 -terms. Indeed, the calculation shows that cancellation of all λ-dependent terms in the variation can be achieved by including L 9 only.
Besides this minimal option we have also considered the inclusion of the sectors L 4 , L 10−15 . The variations from these terms have to cancel against each other. We have found that the resulting equations are not sufficiently restrictive to solve for all parameters in this part of the Ansatz. When discussing our results, in the next section, we will restrict ourselves to the minimal option mentioned above. Of course, this does not mean that we think that the coefficients in L 4 , L 10−15 are actually zero. It only means that these coefficients cannot be determined, in terms of a small number of free parameters, in the present calculation. The same remark holds for other sectors in the R 4 -action which we have not considered in the construction of the Ansatz (see Section 3).
Results
Using the procedure discussed in the previous section, we find that supersymmetry requires that the bosonic terms must occur in the following combination:
where b = 1 24 √ 2 (b 2 + 2b 3 + 2b 4 ). The coefficients b 1−4 remain free parameters after solving the equations. Three of these are redundant because of the three identities (85), which imply that B 1−7 are not independent. We can therefore take arbitrary values for b 1−3 , without changing the action. Thus b and a 1 are the only true free parameters remaining in the action, which can therefore be written as a linear combination of two independent invariants.
Expressed in terms of X, Y 1 , Y 2 and Z the R 4 -contribution in (66) reads:
Here the coefficient c is arbitrary and reflects the dependence of X, Y 1 and Y 2 discussed in Section 3. In (66) we remark that for any nontrivial choice of a 1 and b at least one of the K-terms is present. Our conclusion from Section 4, that the exponent y in the factor φ y must vanish, is therefore valid for arbitrary a 1 and b. Thus a 1 = 0 plays no special role in this respect.
We will now discuss the two independent solutions contained in (66). The first one is associated with b = 0, the second with b = 8a 1 . The most convenient way to express these two solutions in terms of X, Z, Y 1 and Y 2 is to take c = 1 48 (a 1 − 1 8 b) in (67). The parameter a 1 is then a normalization factor, which we set equal to one.
The complete action corresponding to the choice b = 0 (with b 1−3 = 0) is displayed in Appendix B (99). The bosonic part of this invariant reads:
The R 4 -terms in (68) correspond to the combination 1 48 X + (6 × 7!)Z . Note that this solution has no terms linear in H. In [13] it was found that in the string effective action the Riemann tensor should depend on the modified spin-connection Ω − (see (6) ). However, when X and Z are written in terms of the modified spin-connection Ω − , and one then expands in H, terms linear in H cancel. Thus the effect of torsion appears only in the terms at least quadratic in H, which we do not consider here.
The complete action corresponding to the choice b = 8a 1 (with b 1 = b 2 = 0,
is presented in (103). The bosonic part of this invariant is given by
The R 4 -terms in (69) are − 1 2 Y 1 . The presence of K 1 implies that there is no factor φ y in front of I 2 . Using pair exchange for the Riemann tensor, all R 4 -terms in (69) can be rewritten in terms of
and its contractions. Note that V µνλρ is the Lorentz-analogue of the Yang-Mills invariant tr F µν F λρ . Because the connection Ω − transforms under supersymmetry as a Yang-Mills gauge field (compare (12) and (26)), this analogy only holds if the spin connection in V is Ω − . This suggests that the action should be rewritten in terms of the torsionful connection Ω − . Indeed, the two terms linear in H in (69) are precisely what is needed to introduce H-torsion, with the coefficient as in (6) , in the R 4 -terms. The fermionic contributions to both I 1 and I 2 can be found in Appendix B. One surprise (for us) in this fermionic sector is that all terms of the typē ψΓψR 2 DR have a vanishing coefficient. Note that implicitly such terms appear in the action in (83) in the ψ 2 -torsion in ω, and in (84) in the supercovariantization inĤ. Another way of presenting our result about L 8 is to say that all such terms can be absorbed into ψ 2 -torsion in ω and in supercovariantizations. Both the actions I 1 and I 2 contain terms dependent on the field λ. In Section 4 we discussed our procedure with respect to the λ-sector. Because of the vanishing of L 8 , it is possible to include only L 9 in the λ-sector, the so-called minimal option. All the coefficients p i are then determined.
In the calculations leading to I 1 and I 2 we use the identities (23) and (24) . The terms in the variation in which we encounter the left-hand-side of (23) and (24) are for I 1 :
Using the identities (23) and (24) this can be expressed as derivatives of the equations of motion Ψ µ and Λ of ψ µ and λ, and terms proportional to ψR and λR, which contribute to other variations. These last terms have been taken into account in the calculation. The equations of motion always occur in the combination
The required additional variations of ψ µ and of λ, δ γ ψ µ and δ γ λ, are given in (100). Of course, the combination of the two equations of motion implies a relation between δ γ ψ µ and δ γ λ. The fact that the only changes in the λ transformation rules occur in this particular combination with δ γ ψ µ is a consequence of the fact that we need only L 9 in the λ-sector. The variation of L 9 never gives rise to additional λ equations of motion.
For the invariant I 2 (69) the remaining fermionic equations of motion arise from:
The corresponding modifications to the transformation rules of ψ µ and λ are given in (104). The remaining variations containing bosonic equations of motion, which imply additional transformation rules for the bosonic fields, will not be presented explicitly. The new transformation rules of the bosonic fields are not immediately relevant for the compactification procedure. Let us now come back in more detail to the analogy between these R 4 -actions and quartic Yang-Mills invariants. We already mentioned above that the Riemann tensors in the bosonic part of I 2 can be expressed in terms of V µνλρ (70), if we use the torsionful spin connection Ω − . This requires the use of pair exchange for the Riemann tensor, which gives rise to additionalψΓψ (2) R 3 Noether terms, since:
The additional fermionic terms due to pair exchange give contributions to the action which make it possible to write I 2 in terms of V and
W is also the Lorentz form of a Yang-Mills invariant: tr F µν χ. All contributions to (69) can be generalized to the d = 10 Yang-Mills multiplet, if we replace in the action
where A µ and χ are the fields of the d = 10 Yang-Mills multiplet. The resulting quartic Yang-Mills action will then be invariant under the transformations (26), (27) , if the Yang-Mills analogue of the terms (72) allows the same treatment as in the case of the R 4 -action. Writing (72) in terms of Yang-Mills fields we obtain:
Now, the relevant terms in the χ-equation of motion which follows from the quadratic Yang-Mills action read
so that the identity corresponding to (23) is:
So indeed we can express D / χ in terms of X , and ψR and λR terms. Note that these last terms take on exactly the same form as the ψR and λR contributions in (23) . This is of course essential for the invariance of the quartic Yang-Mills action, since after the use of the identity (78) the rest of the calculation should proceed in the same fashion as in the R 4 -case. X is the fermionic equation of motion of the F 2 -action. Therefore, the X contributions in (76) can only be cancelled by changing the χ transformation rule if we include the supersymmetric F 2 -action. In this way we obtain an action 9 We use here the form of the Yang-Mills-supergravity action given in [25] .
and supersymmetry will require new transformation rules of χ and A µ of order γ/β. As a byproduct of our analysis of R 4 -actions we therefore find also the following Yang-Mills invariant (with W µν = tr F µν χ):
The complete invariant is presented in (105), the O(γ) transformation rules of χ in (106). In the above we have not considered the bosonic equations of motion nor the new transformation rules of A µ . We have checked that indeed the bosonic counterpart of (72) also allows the generalization to an arbitrary Yang-Mills group. In the abelian case (80) reduces to the quartic contribution to the BornInfeld action [35] coupled to supergravity, and agrees in the flat limit with the globally supersymmetric Born-Infeld action presented in [36] . In the Yang-Mills case the structure of (80) differs in the flat limit from the result of [36] , since in [36] only the symmetric Yang-Mills trace (i.e., t ... tr F 4 ) is considered. The invariant I 2 corresponds to one particular choice of the coefficients a 1 and b in (66). One may wonder, whether other choices also lead to actions which have a Yang-Mills generalization. There are, for an arbitrary Yang-Mills group, eight independent tr F 4 invariants. These are given by
Here T I are the Yang-Mills generators in the fundamental representation. These eight possibilities give the following R 4 -actions if we work them out for the SO(9, 1) Lorentz group 10 :
Note that Z (47) has the wrong combination of A 5 and A 7 to be the Lorentzcase of a general Yang-Mills invariant. The only way to avoid having Z in our solution (66) is to choose b = 8a 1 , which leads to I 2 . Thus I YM is the only Yang-Mills invariant which we can reconstruct from our result. This implies that a supersymmetric action of the type t ... tr F 4 , which would correspond to the generalization of Y 2 , does not exist for arbitrary Yang-Mills groups.
The action (80) can be generalized in the following way. We may choose a semi-simple gauge group of of the form G × SO(9, 1). Then we can identify the gauge field of SO(9, 1) with Ω − , and the corresponding field strength with the Riemann tensor. The invariant (79) then takes on the form
Note that an R 2 -term is not required for invariance. In the absence of quadratic terms invariance holds up to (76) for G × SO(9, 1). For the contributions containing D / χ, where χ is the partner of the G-gauge field, we use (78). This requires the presence of the standard F 2 -action. For the contributions containing D / ψ ab we use (23) , which contains an equation of motion of the R-action. Therefore no R 2 -action is needed to cancel these particular variations.
Discussion
In this paper, we have found that two supersymmetric invariants of the type R + γR 4 exist. As a by-product, we have also obtained the leading terms of a locally supersymmetric tr F 2 + γ( tr F 2 ) 2 -invariant. Let us now compare our results to the effective action obtained by other methods. The tree-level string amplitude contributions to L eff contain the action L R , (14) , with the Yang-Mills contribution L F 2 . The field strength H of the antisymmetric tensor gauge field B µν is modified with Yang-Mills and Lorentz Chern-Simons terms. As discussed in Section 2, supersymmetry requires the presence of L R 2 terms, and quartic contributions of the form (R 2 + tr F 2 ) 2 . In these quadratic and quartic actions the Riemann tensor depends on Ω − , and the couplings to the dilaton are limited to the same overall factor φ −3 which is also present in L R . As we discussed in Section 4, this action does not contain a term K 1 (49), so that the overall factor φ −3 does not interfere with the B µν -gauge transformations. The result of supersymmetrizing the Lorentz Chern-Simons terms [25] agrees (up to field redefinitions) with the determination of the bosonic part by a string amplitude calculation [13] .
In [13] a different basis is used for the independent fields. The dilaton is denoted by the field D, with the correspondence φ = exp(
, φ being our scalar field. The tenbein in [13] differs by a factor φ −3/8 from our tenbein. With this rescaling, we find indeed that the modified Riemann tensorR in [13] , which contains e D H and DDD contributions, becomes equal to R µν ab (Ω − ). Among the tree level terms obtained in [13] is also the contribution ζ(3)X, with X given in (47). After the rescaling mentioned above, this term also obtains the overall factor φ −3 . Therefore we must conclude from our analysis, that this term does not have a supersymmetric completion. As we have seen, the supersymmetrization of X requires the presence of both K 1 and K 2 (49, 50), which because of B-gauge invariance conflicts with the presence of the φ −3 -factor 11 . Therefore we still do not understand the properties of ζ(3)X in relation to supersymmetry in ten dimensions. At the one-loop level string amplitudes reveal again the presence of the Xterm, as well as further (R 2 + tr F 2 ) 2 -terms [16] , [17] . However, the one-loop contributions to L eff have no overall dilaton factor. One also finds a contribution proportional to tr F 4 . For E 8 × E 8 this term can be rewritten in the form ( tr F 2 ) 2 , but this is not possible for SO (32) . Comparing now to our results in Section 5, we see that we can indeed supersymmetrize the one-loop contributions to the effective action, except for tr F 4 , which remains a problem in case the gauge group is SO(32). In Sec-tion 5 we showed that the supersymmetrization of (R 2 + tr F 2 ) 2 requires an F 2 -contribution to the action, but no R 2 -terms. This implies that the R 2 -contributions to the effective action are completely determined by the supersymmetrization of the Lorentz Chern-Simons terms, or, in string amplitude terminology, by the tree-level contributions.
The counterterms required for the cancellation of anomalies for the gauge group
All these counterterms can be seen as part of the supersymmetric actions presented in Section 5. Note in particular, that we also obtain the relative coefficient 1 4 between the two R 4 -terms. Thus we find that these counterterms are indeed linked by supersymmetry to the known bosonic one-loop contributions to the quartic effective string action. The other counterterms presented in [4] , which contain products of Chern-Simons forms, belong in our terminology to actions R n with n > 4. In a recent paper by Duff and Lu [38] it was argued that the coupling of the heterotic five-brane [39] σ-model to background supergravity fields implies the existence of quartic terms in the Riemann tensor and Yang-Mills field strength. However, these are obtained in the version of N = 1, d = 10 supergravity with a six-index antisymmetric gauge field, which is related to our B µν by a duality transformation. Let us therefore consider the effect of a duality transformation on the quartic action we obtain in this paper.
For this duality transformation we focus again on the B ∧R∧R∧R∧R terms . They are related to Chern-Simons forms. The usual Lorentz Chern-Simons term ω 3 appears as a modification to the field strength H of the gauge field B, schematically, this reads: H ∼ ∂B + tr (ω ∧ ∂ω + ω ∧ ω ∧ ω), along with the Yang-Mills Chern-Simons term [3] . In the dual version of d = 10 supergravity with a six-index gauge field Chern-Simons terms are absent, but are replaced by an interaction term of the form A (6) ∧ R ∧ R in the action.
By a similar duality transformation, the terms B ∧ R ∧ R ∧ R ∧ R will give rise to the Chern-Simons forms ω 7 ,
in the seven-index field strength of A (6) in the six-index version of d = 10 supergravity. Such terms are indeed required in the anomaly cancellations in the six-index version [40] .
In this paper we have supersymmetrized the one-loop, quartic terms which appear in the bosonic string effective action. We do not find a supersymmetric completion for the ζ(3)φ −3 X-term, which is part of the tree-level effective action. This failure may be due to the fact that we limited ourselves to the use of the physical fields of d = 10, N = 1 supergravity. Failure of the Noether method may of course indicate the necessity of introducing additional fields.
These could correspond to massive fields, perhaps related to auxiliary fields of the d = 10, N = 1 supergravity multiplet, which become propagating fields in the higher derivative actions we have considered.
A Appendix A
This Appendix is devoted to the presentation of the various sectors we constructed for the Ansatz. We write the Ansatz as the sum (46):
The first purely bosonic sector is formed by seven terms of the form R 4 and therefore contains all possible independent contractions of four Riemann tensors:
The second sector in our Ansatz consists of seven terms of type HR 2 DR. Its explicit form is:
It is important to realize that the seven terms in this sector are overcomplete. This is due to the fact that the Bianchi identity for the H-field implies the following relations among the different terms:
The latter results are obtained by performing a partial integration. Note that these identities are valid modulo terms of the formψΓψ (2) R 3 . This is related to the fact that the Bianchi-identity of the H-field involves a supercovariant derivative. The equations (85) imply that three of the coefficients b i can be chosen arbitrarily.
The third purely bosonic sector consists of two terms of type BR 4 :
There are four terms of the structure (φ −1 ∂φ)R 2 DR:
This completes the list of the purely bosonic sectors. We considered 17 terms of the typeψ (2) Γψ (2) RDR:
Next, there are six terms with the structureψ (2) ΓDψ (2) R 2 :
For the Noether sector, the terms of typeψΓψ (2) R 3 , we constructed 92 independent terms:
Finally, in the cancellation mechanism we also included:
Altogether there are 70 terms of this type. In our solutions we find that all these terms have to vanish. We will therefore not write them explicitly. In principle there are 19 additional sectors to be included in the Ansatz. Roughly speaking, these have fewer fields and more derivatives. These sectors consist of the following structures:
They participate in the cancellation mechanism through the use of the relation (54). We have constructed all possible terms of this type (for a few of the above structures there are actually no contributions), and found that the equations require that the corresponding coefficients vanish. Therefore these terms have no effect on our solutions, and we refrain from presenting their explicit parametrisation. This completes the discussion of all sectors of the Ansatz which contain the gravitino field and the gravitino curvature.
There are six sectors which contain the dilatino field λ. We constructed 21 independent terms of the structureλ Γψ (2) R 3 :
Besides the sector L 9 there are the following λ-dependent contributions:
As we explained in Section 4, these additional sectors may be included, but are not actually required to achieve the cancellation of the variations we econsider. Since we we choose in Section 5 for the minimal option of including only (92) in the presentation our results, we shall not give the parametrization of L 10−15 explicitly. For the same reason, we do not display λ-dependent terms containing more derivatives, which might participate through the use of (53).
B Appendix B
This Appendix is devoted to the presentation of the two solutions we have found.
If we choose in (66) b = 0, b 1 = b 2 = b 3 = 0 and a 1 = 1 we obtain: 
The modifications to the fermionic transformation rules follow from (71). The result is: 
Note that δ γ ψ contains R 3 Dǫ-terms. The appearance of new supersymmetry transformations containing Dǫ can easily be avoided. The contributions of the equation of motion Ψ in (71) are, schematically, R 3ǭ DΨ, or, after a partial integration:
The first term must be cancelled by changing the transformation rule of the gravitino. The second term can also be cancelled by adding to the action:
Of course the new term has to varied. The variation of ψ gives Dǫ and cancels the second term in (101) (this time we do not perform the partial integration away from ǫ!). The variation of Ψ gives a combination of bosonic equations of motion, and this can be cancelled by changing the bosonic transformation rules. If this procedure is followed, the new fermionic transformation rules are as in (100), but without the Dǫ-terms. 
The modifications to the transformation rules can be calculated from (72). We find:
−8D e {R bcdf R bcdg R µef h Γ gh ǫ} + D f {R bcde R bcde R µf gh Γ gh ǫ}
The solution I 2 has a Yang-Mills analogon. The proper way to derive this Yang-Mills solution from I 2 consists in two steps. First, by using pair exchange (73), the R 4 -terms must be written in such a way that the contraction over Lorentz indices corresponds to the Yang-Mills trace. Second, the spin connection must be written with H-torsion. These steps do not require the use of the identities (85). We use the notation W µν = tr F µν χ. The result is: 
The additional supersymmetry transformation rules of χ follow from (76), and read:
